Abstract. In this paper we introduce and study the self-similar functions. We prove that these functions have a concave spectrum (increasing and then decreasing) and that the different formulas that were proposed for the multifractal formalism allow us to determine either the whole increasing part of their spectrum or a part of it. One of these methods (the wavelet-maxima method) yields their complete spectrum.
In the following two sections, we obtain the exact regularity of these functions at any point when the functions considered have uniform minimal regularity.
In section 4, we deduce these functions' Hölder spectra in the aforementioned case.
In section 5, we prove the validity of the multifractal formalism.
In section 6, we study the wavelet-maxima method. We show that after a slight modification, this method yields the complete spectrum, including the part where the infimum in the Legendre transform is obtained for negative values of q.
In section 7, we consider the more general case of unbounded self-similar functions.
We first recall the definition of self-similarity that was established in Part I. 
(The S i 's are the product of an isometry with the mapping x → µ i x, where µ i < 1.)
• There exists a C k function g such that g and its derivatives of order less than k have fast decay and F satisfies (2.3) where the λ i 's are real or complex numbers.
• The function F is not uniformly C k in a certain closed subset of Ω. The first condition was first introduced by Hutchinson (in [17] ) in order to study self-similar sets; it is called the "open-set condition." A stronger condition is sometimes required, namely, (2.4) this is called the "separated open-set condition."
Concerning the last point of the definition, if k is an integer, the condition must be understood as follows. Once restricted to a closed subset A of Ω, the derivatives of order k − 1 of F do not belong to the Zygmund class. Thus for any k ∈ R + , this condition is equivalent to the existence of sequences a n → 0, b n ∈ A, and C n → ∞ such that |C(a n , b n )| ≥ C n a k n . (2.5) (This condition is a straightforward consequence of the wavelet characterization of the spaces C s (R m ) that we recall below and of the localization of the wavelets.) We will see that solutions of (2.3) need not necessarily be functions but can be distributions.
Recall the following notations introduced in Part I. Let log λ i log µ i .
Z(a, q) =
We use this notation because α min will turn out to be the smallest pointwise Hölder regularity exponent of F and α max will be the largest (lower than k). Let τ be the function defined by
The results concerning the multifractal formalism for self-similar functions are summed up in the following theorems. The corresponding results concerning the wavelet-maxima method will be stated and proved in section 6 (see Theorem 2.3).
Before beginning our study of self-similar functions, we consider a few examples.
(1) Indefinite integrals of multinomial measures in dimension 1. Let µ be a probability measure supported by [0, 1] and suppose that for any interval I,
. . , d, µ(S i (I)) = λ i µ(I)
with λ = D1i = 1, the S i 's as above, and Ω = (0, 1). Let For any probability measure µ on R, the scaling index of µ at x 0 is the supremum of all values of α such that
We can easily check that µ has a scaling index α at x 0 if and only if its indefinite integral F defined by F (x) = µ ([0, x] ) is C α at x 0 (see [2] or [19] ). This property allowed Arneodo, Bacry, and Muzy [2] to determine the Hölder spectrum of the indefinite integrals of multinomial measures when the separated open-set condition holds. This remark shows that when F is the indefinite integral of a one-dimensional measure, some results derived in this paper are a consequence of similar results concerning measures (for α ∈ [0, 1]) obtained by Brown, Michon, and Peyrière in [6] . Thus we are particularly interested in the case of functions that are not in bounded variation (BV), in which case Theorem 2.2 cannot be derived from corresponding results for measures.
(2) Some self-similar fractal sets. Consider, for instance, the example of the Van Koch set. Since it is a curve, it can be parametrized (in infinite ways) as the image of a mapping t → (x(t), y(t)) from [0, 1] to R 2 . This curve has dimension log 4/ log 3 and a corresponding finite nonzero Hausdorff measure. Therefore, a canonical parametrization maps intervals of same length on sets of equal Hausdorff measure. The reader will immediately check that with this parametrization the Van Koch function is selfsimilar. Another example is supplied by Polya's function, a continuous mapping defined on [0, 1] whose graph fills the area of a triangle. However, the lack of regularity of the function g in this case requires a specific treatment, and we plan to study the local regularity of this function in a forthcoming paper.
(3) Lacunary trigonometric series and Riesz products. Let
Obviously,
so that the F α 's are self-similar. Another example is very similar. Consider the Riesz products
where 0 < α < 1 and k ∈ N, k ≥ 2. It is a simple exercise to check that log(F α,k (x)) is self-similar (the function g being C inf(2α,1) ). Since F α,k (x) is bounded from above and below by strictly positive constants, F α,k (x) and its logarithm share the same function η and the same spectrum so that the results that will be proved for selfsimilar functions will also hold for the Riesz products F α,k (x). Downloaded 10/03/14 to 157.92.4.6. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php (4) Several dimension examples. In dimension 1, the "geometry" contained in the transforms S i is poor. In several dimensions, this is sometimes no longer the case. Consider two examples. First, if
The S i,j 's map the square Ω on its four subsquares of half size. If the homothety had a ratio smaller than 1/2, by iterating the S i,j 's, we would get a kind of twodimensional Cantor set. There exist more "exotic" examples. For instance, if
the S i 's map a "fractal dragon" on their two self-similar components (see [9] or [16] ). In order to understand the scope and limitations of the model given by selfsimilar functions, it is interesting to mention a few classical examples of functions that, though not self-similar in the sense that we gave, satisfy functional equations that have similarities with (2.3).
First, the scaling function of the function ϕ used in the construction of orthonormal wavelet bases satisfies (see [10] or [12] )
2) does not hold except for some nonsmooth functions ϕ, such as characteristic functions of sets, in which case there exist examples similar to the fractal dragon that we mentioned above (see [9] or [16] (2.6) where B 1 and B 2 are two Brownian bridges that have the same law as B, ξ is a Gaussian, Λ(x) = sup(x, 1 − x) on [0, 1], and the three terms of the right-hand side of (2.6) are independent. We are in a situation where (2.3) holds "in law." Actually, the self-similar processes studied in, for instance, [3] also verify (2.3) "in law." We will not recall the definition of these processes here but only mention that in dimension 1, they coincide with the fractional Brownian motions. The reader can easily check that the results that we give below easily extend to this probabilistic setting. However, such results would be poor for the following reason. Direct methods yield sharper results for the the pointwise regularity of these processes and from a "multifractal point of view," the spectrum of these processes is not interesting since it vanishes everywhere except at one point.
Our last example is Riemann's nondifferentiable function
which was shown by Duistermaat in [13] to satisfy some functional equations similar to (2.3). For instance [20] for an extension of the multifractal formalism to this case.)
We now determine the sense in which (2.3) has solutions, and we examine some basic regularity properties of these solutions. They will depend upon the assumptions that we make on the λ i .
Iterating (2.3), we obtain for any N that
so a (formal) solution of (2.3) is given by
Here F is written as a superposition of similar structures at different scales, reminiscent of some possible models of turbulence [5] , [15] , [26] . This formula also looks like a wavelet decomposition (except that g has no cancellation), and our proof of Proposition 3.2 in the next section will be similar to classical proofs of the regularity of wavelets series; see [18] or [22] .
When the (formal) series (2.9) converges in a certain function space, a solution of (2.3) exists in this space. (Actually, it is easy to check that (2.9) converges almost everywhere if the separated open-set condition holds.) We will be particularly interested in three cases: first, when (2.3) has solutions that are locally L 1 functions; second, when the solutions have some global C α smoothness (this case is important because it is the setting where the multifractal formalism works without any modification); and third, in spaces of distributions where the series converge when we make no assumption on the λ i 's. A good setting to study this last case is supplied by the real Hardy spaces, whose definition we now recall.
Suppose that we use an orthonormal basis of wavelets indexed by dyadic cubes. We denote these wavelets by ψ λ and the corresponding wavelet coefficients by C λ . The real Hardy H p space (cf. [24] ) is the set of distributions whose wavelet coefficients satisfy 
and let K be the set defined by
K is called the invariant compact set of S. Its Hausdorff dimension is d max (defined in Theorem 2.2). We introduce some notation. Let i be a finite sequence i = (i 1 , . . . , i n ).
We define x i = S i1 · · · S in (0), and if the sequence i is infinite,
Thus with each sequence i ∈ {1, . . . , d} N we associate a unique point x i in K. This correspondence is, in general, not one to one. (Consider, for instance, the example of lacunary trigonometric series where the dyadic points are the limit of two sequences.) However, the correspondence is clearly one to one if the separated open-set condition holds.
The points of K can also be represented as the limit points of the branches of the following tree T constructed in the "time-scale half-space." The treetop is conventionally the point (0, 1) ∈ R m × R + . This treetop is linked to the d first nodes, which are the (S j (0),
, then clearly the branch indexed by a sequence i ∈ {1, . . . , d} N approaches the point x i (and it is the only one which does so if the mapping i → x i is one to one). This tree is related to the wavelet transform of F more precisely in Proposition 4.1. We will show that the order of magnitude of the wavelet transform of F near (
is a branch of the tree of length n that starts from the origin (0, 1), ends at
and is such that
This requirement means that the endpoint of the branch is-in the time-scale half-space-in a certain cone of width D over x. We often identify a branch with the sequence i that indexes it.
We will need the following lemma, which estimates the number of D-branches over a point x. Downloaded 10/03/14 to 157.92.4.6. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
The cardinality of this set of branches is bounded independentely of x and j by CD m . Proof. We can assume that the 
We estimate the C s norm of F using the Littlewood-Paley characterization of this norm. For the reader's convenience, we recall this characterization.
Let ψ be a function in the Schwartz class whose Fourier transform vanishes outside 1 ≤ |ξ| ≤ 8 and is equal to 1 on 2 ≤ |ξ| ≤ 4. Let ψ l (x) = 2 ml ψ(2 l x). A function F belongs to C s if and only if |F * ψ l (x)| ≤ C2 −sl . We return to Proposition 2.3. We first split F as a sum F = F j , where F j is series (2.9) restricted to the indices i ∈ I j such that
because of the localization and cancellation of ψ, for any N ,
Because of Lemma 2.5, as soon as N > m,
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Hence we have the Hölder regularity of F .
In order to show that F belongs to H p , first notice that the regularity and cancellation that we requested for g is consistent with the atomic definition of H p so that series (2.9) can be interpreted as a "vaguelette" decomposition of F (see [24] ). Thus-following [24] -the "H p norm" of F j is bounded by
By the same argument as in the L 1 case, this quantity is exponentially decreasing with j so that F belongs to H p . The optimality of Proposition 2.3 can easily be checked via some explicit examples. The optimality of the global Hölder regularity is shown by example (2) above concerning lacunary trigonometric series. We sketch how to obtain the optimality of the L 1 and H p criteria. Let g be supported on [1, 2] and suppose that F satisfies
If g(x)dx = 0 and λ ≥ 2, series (2.9) does not converge in L 1 (or in any distribution space). If g has vanishing moments and λ ≥ 2, the "H p norm" of F can be calculated. For instance, when g is the function ψ that generates an orthonormal basis of compactly supported wavelets, ψ is properly contracted in order to be supported on the interval [1, 2] . Proposition 2.6. If x does not belong to K, F is C k in a neighborhood of x. Proof. Let α be such that |α| ≤ k, and let us show that the series
converges uniformly in a neighborhood of x. This series is bounded in modulus by
Choosing N large enough, we obtain Proposition 2.6 when k ∈ N. The verification when k is not an integer is just as easy and is thus left to the reader.
We conclude this section with a study on the uniqueness of solutions of (2.3). First, note that (2.8) holds for any N and that outside K the second term in (2.8) tends to 0 in C k so that any distribution solution of (2.3) outside K is a function Downloaded 10/03/14 to 157.92.4.6. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php that satisfies (2.8). Thus if (2.3) has two solutions, their difference is a distribution supported by K, which is a solution of the homogeneous equation
Since such a distribution is compactly supported, it belongs to a space L p,s (perhaps for a negative s). Note that
and it has a nonvanishing solution in For a given branch indexed by i = (i 1 , . . . , i n ), let
and denote the set B j,10diam(Ω) (x) by B j (x).
In the next two sections, we prove the following result, which yields the exact regularity of f at each point of
The lower bound for α(x) will be obtained in section 3, and the upper bound will be obtained in section 4. In section 5, we determine the dimension of the set where F is Γ α for a given α. A case of special interest is when the separated open-set condition holds. In that case, there is only one branch over x and i → x(i) is onto so that if i = (i 1 (x), . . . , i n (x), . . .) is the only sequence such that x 0 = x(i), (2.14) and (2.15) become
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In this lemma, we do not make any assumptions on the λ i 's. Let us prove the first assertion. L j ≥ Λ j , and if n(= n(j)) is such that n ≤ j and
Hence we have the first assertion.
We now prove the second assertion. First, if i is a main branch, |λ i | ≤ L j . Now suppose that i is not a main branch. Let i = (i 1 , . . . , i n ) and let l be the largest integer such that the subbranch (i 1 , . . . , i l ) is a main branch over x. Clearly,
Hence Lemma 3.1 follows.
. Proof. Let x ∈ K and P (x − y) be the Taylor expansion of order [β] of (2.9) at x. We first check that this Taylor expansion yields a convergent series.
Let α be a multiindex such that |α| < β. We have to check that the series
is convergent. We split this sum into the sets
Because of Lemma 2.5, each term has about 2 lm elements, and because of Lemma 3.1, on this set I j,l ,
, which is bounded because N can be chosen arbitrarily large.
Let T g x (x − y) be the Taylor expansion of g of order [β] at point x, i.e., 
The third sum is bounded in modulus by
(where we have again split the sum into the sets I j,l ).
Because of the localization of F , the second sum is bounded by C sup i∈I J |λ i | ≤ C2 −βJ . We now consider the first sum in (3.2). We consider two cases. Let D = |x − y| − for an arbitrarily small . First, suppose that
For each j, the sum has about D m terms, and using the mean-value theorem, the sum of the corresponding terms is bounded by
Hence we have the bound that we claimed if we take small enough.
and we obtain the bound in this case since 2 j |x − x i | > |x − y| − . Hence Proposition 3.2 follows. Downloaded 10/03/14 to 157.92.4.6. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
4. An upper bound of the pointwise Hölder exponent. We will bound the regularity of F at each point in K by estimating the size of the wavelet transform in a neighborhood of such a point. The wavelet transform of F satisfies a functional equation similar to (2.3), which will enable us to obtain this estimate. Let C(a, b) be the wavelet transform of F and ω(a, b) be the wavelet transform of g. Proposition 4.1. There exists A > 0 such that ∀x ∈ K, J ∈ N. There exists
−j , and t ∈ Ω such that |t − x| ≤ Ca and |C(a, t)| ≥ CΛ j (x).
Note that in this proposition, we do not have to make any assumptions on the uniform regularity of F , and we will actually use the proposition in cases where F is unbounded. Nonetheless, let us first show that if F has some minimal uniform regularity, Proposition 2.7 follows. To this end, we first recall a relation between the regularity of F and the size of the wavelet transform given by the following results (see Part I). Suppose that 
Let y ∈ Ω be a fixed point that will be determined later. Let x ∈ K and let b = (j 1 , . . . , j n ) be a branch over x. Let t = S j1 = CA · · · S jn (y). Then
Hence we have the first condition of Proposition 4.1.
We want to show that on the set S j , the main term in (4.2) corresponds to the branch b. This is intuitively clear because all terms in the first sum decay like a k because of the smoothness of g, and since F is smooth outside Ω, all terms in the second sum decay also like a k except precisely the one corresponding to the branch b. We make this argument more precise. We first prove the following bound for the first sum in (4.2):
First, note that because of the smoothness and decay of g, 
Hence we have (4.3). Thus j≤J i∈Ij
Since sup(log λ i / log µ i ) < k, this series grows exponentially so that the first term in (4.2) is bounded by Ca k 2 kJ L J (t). We now estimate the second term in (4.2) when i = b. Recall that A is the closed subset of Ω where by assumption F is not uniformly
, where is a constant small enough that A ⊂ Ω. Thus outside A ,
Thus we obtain, as above,
Finally, from (4.2), we get
We now estimate the term corresponding to the sequence b. Recall that the last condition in Definition 2.1 is equivalent to the existence of sequences a n → 0, b n ∈ A, and C n → +∞ such that |C(a n , b n )| ≥ C n a k n so that
Recall that Λ j = sup i∈Bj(x) |λ i |. Choosing a branch for which this supremum (taken on a finite number of terms) is attained, we get for this branch that 
where |R| ≤ CL J (t). We choose n such that C n ≥ 2C, which determines a value of a n = a/µ b . If
the proposition is proved with j = J. Otherwise, since
one of the terms 2 −lA Λ J−l must be large. More precisely, there exists l such that
(If several values of l satisfy (4.5), we choose the smallest.) We can choose the corresponding branch in Proposition 4.1, and since l = o(J), this implies the irregularity of F at x. We found points in the "cone above x" where the wavelet transform is large. The statement of Proposition 4.1 is more precise because we will need precise estimates on the wavelet transform everywhere in order to estimate the integrals of the wavelet transform needed in the multifractal formalism. We have to check that we can choose l ≤ C. We first prove that l ≤ J. We have Λ J−l ≤ 2 −αmin(J−l) and Λ J ≥ 2 −αmaxJ so that if (4.5) holds,
Choosing A large enough, we have l ≤ J for arbitrarily small. For this branch b, Suppose that t is a point inside Ω such that the S i (t)'s do not approach the boundary of Ω. We know that 
We start with a branch i such that r ∼ 1 and e = 0, which is possible because of the first part of the proof. After one iteration, we obtain an error of Cµ k i ; after two iterations, we get an error of Cµ
. . ; and after j iterations, the error is
where t is on the subtree deduced from t. Thus C(µ j , t ) ∼ rλ j . Hence Proposition 4.1 follows.
Note that Propositions 3.2 and 4.1 show that the wavelet transform of F is "large" near the tree T, and thus the ramifications of this tree of wavelet maxima reflect the "dynamics" of self-similarity as stated by Arneodo, Bacry, and Muzy in [2] .
It is remarkable that these results do not depend on the function g. If g were replaced by another function, the new F would have the same regularity at every point. Only the global smoothness of g is important. It defines a value beyond which one can no longer calculate the regularity of F .
Determination of the Hölder spectrum.
In this section, we prove that for α < k, the Hölder spectrum of a self-similar function is the Legendre transform of the function τ defined by
Proposition 5.1. Let α < k and define d(α) as the Hausdorff dimension of the set of points x where F is
We will need the following proposition (Proposition 4.9 in [25] ) in the proof of Proposition 5.1.
Proposition 5.2. Let H s be the Hausdorff measure of dimension s. Let µ be a probability measure on R m , F ⊂ R m , and C be such that 0 < C < +∞. Then . Thus P i = 1. We first consider on K a probability measure ν such that The construction of such a measure by induction is straightforward (see, for instance, [17] ). Let x ∈ K, s > 0 and r > 0 and consider the set B j (x), where 2
(because the number of branches over x in B j (x) is bounded by an absolute constant). Suppose that
Then lim sup r→0 ν(B r (x))/r s → +∞ so that, using Proposition 5.2,
In order to prove Proposition 5.1, we have to show that the infimum is reached. Using Proposition 5.2, it is sufficient to find a and b such that ν(Γ α ) > 0. Suppose that a and b are solutions of the following system
where P i = λ 
Let ν be the corresponding probability defined by (5.2). We can associate with ν another probability P defined on {1, . . . , d} N as follows. If i = (i 1 , . . . , i n ) and I i is the subset of {1, . . . , d} N of all of the sequences starting with (i 1 , . . . , i n ), then
With probability P , the i n 's are a sequence of i.i.d. random variables. The strong law of large numbers implies that with probability 1, n j → P j for a sequence i ∈ {1, . . . , d} N . Clearly, ν is the image of the probability P by the application x(i). We want to show that on K, ν-almost everywhere n j → P j . It would be obvious if x(i) were one to one. Downloaded 10/03/14 to 157.92.4.6. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php First, note that if (i 1 , . . . , i n ) is a branch over x, so is (i 1 , . . . , i n−1 ). Now suppose that (5.4) fails. For n arbitrarily large, we can find a branch over x such that
Consider such a sequence of branches over x for n → ∞. Since at a scale r there are at most N branches over x, (following Lemma 2.5) such branches for which (5.4) fails can be grouped into at most N sets of increasing branches. Among these, at least one,b x , has infinite length.
We call a branch of infinite length i such that x = x(i) a principal branch over x. Because of Lemma 2.5, for each x, there are at most N such branches. Clearly,b x is a principal branch over x.
Consider the event {x is such that (5.4) fails}. It is included in the event {∃b principal branch over x such that (5.5) holds}. Since the probability for one given branch is 0, the probability that (5.5) holds for at least one of the (at most) N principal branches over x is also 0 such that for probability ν, almost every point of K is such that (5.4) 
so that (5.6) is necessary. Now suppose that this holds. Since λ
If a → −∞, τ(a) ≤ aα max and the same argument yields P i Logλ i / P i Logµ i → α max . By continuity, P i Logλ i / P i Logµ i takes all values between α min and α max . Notice that if α min = α max = α 0 , then α = α 0 is the only possible value for which (5.3) has a solution.
6. Proof of the multifractal formalism. Now that we have determined the spectrum of a self-similar function, we will prove the multifractal formalism for these functions. First, we will do so for the wavelet-transform integral method. We recall the formulas that are used. We computẽ The Hölder spectrum is computed using the formula
In order to estimateZ(a, q) for self-similar functions, we first have to estimate  C(a, b) everywhere. Let
Inequality (4.6) shows that there exists one point b ∈ B i and an a such that C2 −j ≤ a ≤ 2 −j for which the order of magnitude of C(a, b) is Λ n . We show that this order of magnitude holds on a ball of size ∼ a. To this end, we bound C(a, b) in B i (and also in C i , which will be useful later).
Lemma 6.1. Let a > 0 and
Lemma 6.1 is derived from (2.8) exactly as in the beginning of the proof of Proposition 2.7. We leave the details to the reader.
We return to the estimation of C(a, b) . In order to prove that it keeps the same order of magnitude in a ball of size ∼ a, we bound b C(a, b) and ∂ a C(a, b) .
whereC(a, b) is a wavelet transform using the wavelet ∂ψ. The bound given by Lemma 6.1 for C(a, b) holds forC(a, b) so that
Since at a certain point of B i , C(a, b) is of the order of magnitude of L i , this is also the case on a ball of size ∼ a.
If we now differentiate the wavelet transform with respect to the variable a, the same procedure yields
whereC(a, b) is a wavelet transform using the wavelet
is of the order of magnitude of L i on a ball of size ∼ a in the time-scale half-space. Downloaded 10/03/14 to 157.92.4.6. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
For each branch i such that µ i ∼ 2 −j , Proposition 4.1 shows that there exists a ball of radius at least C2 −j in the time-scale half-space located near x i and in scale in the interval A j , where |C(a, b) 
We first estimate the term
The reader should notice that in the following estimation, we do not have to assume that q is positive. This remark will be useful in section 7.
Recall that τ (q) is such that
From (6.6), we get 
which can be written as We split this sum into bands B l defined by 2
Now consider the term
Now suppose that q is such that m − kq + τ (q) ≤ 0. Equation (6.10) is bounded by
and using (6.4) and (6.9), we obtain the followingproposition. Proposition 6.2. Suppose that F is self-similar and let q be such that
This result together with Proposition 2.7 proves the multifractal formalism for the wavelet-integral method.
The multifractal formalism is also valid for the structure function method since we showed in Part I that ζ(q) = η(q) for q > 1. However, the restriction q > 1 shows that it might not yield the whole left-hand side of the spectrum but a smaller part corresponding to the region where the infimum in the Legendre transform formula is attained for q > 1.
Note that if k can be chosen arbitrarily large (when g is C ∞ ), condition (6.11) reduces to q ≥ 0. We consider the case of negative values of q in the next section.
7. The wavelet-box method. In this section, we first show some pitfalls of the wavelet-maxima method and then show that a slight modification allows us to obtain the spectrum even for its decreasing part.
Let us first briefly recall the principles of the wavelet-maxima method. The counterexamples concerning the wavelet-maxima method that were given in Part I easily adapt to the self-similar case. Suppose, for instance, that g is one of these counterexamples supported by the interval [3, 4] . (We can make this assumption because they are compactly supported and these properties still hold after a contraction and a translation.) Then
where α > 0 is self-similar and yields a similar counterexample. Nonetheless, we will see that we can adapt the wavelet-maxima method so that it yields results as good as and even better than the other methods. To this end, we introduce a slight variant, the wavelet-box method. Let C be a parameter larger than 1. The wavelet-box method consists of dividing R m into cubes of length C and, for each cube included in Ω, keeping only the largest local maximum (if there is one on each of these cubes). Clearly, this procedure has the advantage of not taking into account accumulations of lines of local maxima, on which the counterexamples of Part I were based. We still use the notation θ(q), which will avoid confusion with the wavelet-maxima method. With regard to the increasing part of the spectrum (corresponding to p ≥ 0), the theorem is a consequence of the wavelet-integral method because of the following lemma. This result is quite straightforward since we estimated |C(a, b)| q db precisely by computing its order of magnitude near the wavelet maxima. We showed that its value is about λ q i near the tree T and smaller far from the tree. This shows that there exists at least one maximum near each point of the tree. The estimation of a m max |C(a, b)| q then follows exactly the estimation performed in Proposition 6.2. Thus, in that case, the verification of the fractal formalism reduces to the verification for the integral formula, and the multifractal formalism holds when using the twowavelet methods. Note that for positive q's we do not have to restrict the sum to cubes included in Ω, which is interesting if we do not have a priori knowledge on Ω.
Before proving Theorem 2.3 for the decreasing part of the spectrum, we make some general remarks.
Consider again the case q < 0 but for the quantity max |C(a, b)| q . An important difference from the exact computations of [2] appears. Recall that the authors of [2] were interested in the case where F is the indefinite integral of a multinomial measure supported by a Cantor set. In this case, the wavelet maxima are situated on the "tree over the Cantor set" since F is piecewise constant outside this set, so, for a small enough, the wavelet transform vanishes there. Thus in this case, the last term of (6.4) Downloaded 10/03/14 to 157.92.4.6. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php vanishes, and the same proof as above shows that Proposition 6.2 will hold for q < 0 (with the same restriction concerning the distance between the maxima).
In the general case that we consider in this paper, F is a C k function outside K for which we do not have special information (since g is C k but arbitrary). Thus there may be extremely small wavelet maxima "far away" (on the scale of a) from K (i.e., at a distance a). Thus no formula involving negative values of q can work reasonably. We present an example of this phenomenon.
First, note that if Ω = K, it is easy to construct examples where g and thus F will be locally constant so that F (x + h) − F (x) will vanish on an open subset for h small enough, as does C(a, b) for a small enough. Thus ζ(q) and η(q) take the value +∞ for negative values of p so that in all generality, computing ζ(q) and η(q) for negative values of p does not make sense. The same problem appears for formulas involving wavelet maxima. Of course, in the regions where C(a, b) vanishes, there are no more maxima. However, it is easy to construct g with lines of very small maxima as follows.
Let ψ be a C k+2 function with moments of order k + 1 vanishing and supported by [3/2, 2] , and let
This is supported by [0, 2] , and if ψ is the analyzing wavelet and a = 2 Thus  C(a, b) has a line of maxima that goes through the interval |b| ≤ 2 −j /2 and the supremum on this line is of the order of magnitude of 2 −kj . Now suppose that F = g in a neighborhood of 0 (which we can always assume if Ω = K). Then Z(a, q) is larger than Ca −kq . We see that no bound of Z(a, q) can be found independent of k. If the multifractal formalism held, since d(α) is independent of k, the order of magnitude of Z(a, q) would be as well. Hence we have a contradiction.
We make one final remark on Theorem 2. First, suppose that g is C ∞ . If α ≤ α 0 , the infimum in the Legendre transform is obtained for q > 0 (because τ (0) = −d max and τ is convex and increasing). In that case, we cannot directly calculate d(α) up to α 0 since we cannot use a C ∞ wavelet with all vanishing moments, but following [1] , this can be done using a sequence of increasingly smoother wavelets and determining increasingly larger parts of the spectrum. The case where g is C k is still easier to check.
We now want to show that using the wavelet-box method, we can recover the left part of the spectrum corresponding to negative values of q when Returning to the estimation of (6.5), we see that
Hence we have the multifractal formalism in that case. Note that the constant C in the definition of the wavelet-box method must be chosen "large enough" depending on the self-similar function that is analyzed.
Unbounded self-similar functions.
Thus far, we made the assumption α min > 0 (which is equivalent to |λ j | < 1 ∀j = 1, . . . , d). This implied that F ∈ C αmin . Thus we were interested only in Hölder exponents larger than α > 0. However, we would like to consider negative exponents, which, as mentioned before, should be pertinent in some applications. We have already discussed the definition of negative exponents in Part I. We will now show that the multifractal formalism holds using a slightly different definition for the Hölder spectrum. We suppose that
so that a function F that satisfies (2.3) belongs to L 1 . Condition (8.1) can clearly give rise to unbounded functions. In fact, the following result holds.
Lemma 8.1. Suppose that one of the λ j 's satisfies |λ j | > 1 and that g does not vanish identically. Then ∀x ∈ K, F is unbounded in any neighborhood of x so that d(α) = 0 ∀α.
Proof. First, note that a straightforward estimation yields that if
Let j be such that |λ j | > 1. Then we fix an n and define i = (i 1 , . . . , i n , j, j, . . .) = (i 1 , . . .) . Proposition 4.1 shows that there exists an x 0 such that if
. . λ i l | and is thus unbounded. If n is large enough and l ≥ n, the points b l are arbitrarily close to x so that F is unbounded in any neighborhood of x. Hence we have Lemma 8.1.
In this case, the Hölder spectrum of F for α > −n is trivial: d(α) = 0 ∀α > −n.
Note that if sup |λ j | = 1, F can be either unbounded or bounded depending on the specific values taken by the function g, as shown by the following example. and suppose that g is Lipschitz. If g is positive and does not vanish at 0, F is unbounded, whereas if g(0) = 0, F is bounded.
Lemma 8.1 suggests that if F is unbounded, the spectrum defined by the Hausdorff dimension of α-singularities is not the right quantity to consider, but we should instead compute the packing dimension of strong singularities.
We now suppose that the separated open-set condition holds and that g and the λ j 's are positive. We prove Theorem 2.2 in that case. Let x ∈ K and i = (i 1 , . . . , i n , . . .) be the (unique) branch over x. We define two subsets A 1 and A 2 of B(x, µ i ) as follows. First, let Ω be a set where g(x) ≥ C > 0. Suppose that λ 1 > 1 and let i = (i 1 , . . . , i n , 1, . . . , 1) , where the number p of ones will be made precise later. Since The case where K = Ω is perhaps less interesting for applications since f is then nowhere locally bounded (by Lemma 7.2), which is usually not realistic for "physical" functions. Actually, in the case of three-dimensional turbulence, the singularities seem to concentrate on a set of dimension < 3 (see [1] or [23] ).
We now determine the packing dimension of the strong α-singularities of F . Proposition 8.3. Under the same assumptions, the packing dimension of the strong α-singularities of f is given by D(α) = inf(aα − τ (a)).
We already know that D(α) ≤ inf(aα − τ (a)), so we have to prove only the lower bound. We will use the following result (see [14] or [25] ).
Proposition 8.4. Let H s be the packing measure of dimension s. Let µ be a probability measure on R m , F ∈ R m , and C be such that 0 < C < +∞. If lim inf r→0 µ(B r (x))/r s < C ∀ x ∈ F, H s (F ) ≥ µ(F )/C. Downloaded 10/03/14 to 157.92.4.6. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
The proof of Proposition 8.3 follows the proof of Proposition 5.1 since we can take exactly the same measure µ and the same set F . It is now easy to check that the multifractal formalism holds in this setting because the proof of Proposition 6.2 actually holds without any change.
We conclude this paper with the proof of the following corollary, which shows that the multifractal formalism holds in a more general setting. Proof. Following a result of Calderón and Zygmund [7] , A can be writtenÃ(−∆) m/2 h and F share the same function η. Since these operators are also continuous on the two-microlocal spaces (see [18] ), (−∆) m/2 h and F have the same Hölder regularity at each point (perhaps up to a logarithmic correction).
